
Fig. 1. Examples of GMK-spline curve and B-spline curve.

II. CARDINAL SPLINE CONSTRUCTION

In this paper, we introduce a special cardinal spline from
the GMK-spline [28] instead of the cubic B-spline in the
interpolation procedure in order to avoid solving the system
of equations over and over again.

When a spline basis functions(t) satis�es the Lagrange
interpolation conditions:

s(0) = 1 ; s(k) = 0 ; k 6= 0 ; k 2 Z; (1)

where the splines(t) is called a cardinal spline or an explicit
interpolatory spline, which is the basic de�nition for the
subsequent construction of a cardinal spline.

A. Cubic B-spline basis function

Denote� 3(t) as the cubic B-spline. Its algebraic represen-
tation is provided,

� 3(t) =
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2 � t2 + 2
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6 + t2 � 2jt j + 4
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0; jt j � 2;

(2)

In terms of piecewise polynomials with uniform knots, the
cubic B-spline� 3(t) in (2) has local support over[� 2; 2]. We
know that it has second smoothness at the knots. However,
the cubic B-spline is not a cardinal spline and lacks explicit
interpolatory. That is to say, for the B-spline interpolation, we
need to determine the coef�cients (or control vertices) so that
the resulting function can pass through the given samples.

In the following, we brie�y introduce a cubic B-spline
interpolator, which is a basis function satisfying (1) and
proposed in [23], [29], [30]. Based on the cubic B-spline, the
B-spline interpolator is presented by

� 3(t) =
� 6�

1 � � 2

+ 1X

k= �1

� j k j � 3(t � k); (3)

where the constant� equals
p

3� 2. The basis function� 3(t)
has the explicit interpolation property, but obviously, it has
in�nite terms and in�nite support, which will lead to minor
truncation errors. We use it in this work to explain the truth
of cubic B-spline interpolation. Therefore, it is conceptual, but
with little practical usefulness.

B. Cardinal basis function representation

Unlike the B-spline interpolator (3) whose shifts are all
integers, the shifts for the GMK-spline basis functions are any
real numbers. Additionally, since the GMK-spline is a cardinal
(interpolatory) spline and designed with central symmetry,
its shifts must appear in pairs. For convenience, we sort the
positive shifts in ascending order as0 � a1 < a 2 < � � � < a I .
Therefore, the basis functions of the GMK-spline are written
by

g(t) =
IX

i =1

A i
� 3(t + ai ) + � 3(t � ai )

2

= ( A1� a1 + A2� a2 + � � � + A I � a I ) � � 3(t); (4)

whereA i andai (i = 1 ; 2; � � � ; I ) are undetermined constants,
and � 3(t) is the cubic B-spline. In addition,

� a(t) =
� (t + a) + � (t � a)

2

, where� (t) is a Dirac delta function and the constanta is a
time shift.

C. Equation system

To determine the unknown constantsA i and ai (i =
1; 2; � � � ; I ), we start by simplifying the interpolation condition
(1). The cubic B-spline� 3(t) de�ned in (2) has a local support
[� 2; 2]. This means� 3(t � aI ) � 0 when t � aI + 2 ,
and consequently,g(n) � 0 for any integern such that
n � d aI e + 2 (where dxe represents the smallest integer
greater than or equal tox ). Therefore, in the interpolation
condition (1), we only need to consider the cases where
n = 0 ; 1; � � � ; daI e+ 1 . This leads to the following nonlinear
equation system withdaI e+ 2 constraints:

(
g(0) = 1;

g(1) = g(2) = � � � = g(daI e+ 1) = 0 :
(5)

Since daI e � 1, the number of constraints is at least
three. The equation system (5) implies that

P I
i =1 A i = 1 for

any basis functiong(t). The detailed proof of this result is
presented in [28].

In order to obtain the special cardinal spline, we select
a1 = 0 , a2 = 5

4 , a3 = 7
4 , and a4 = 2 . The reason why we

choose these shifts originates from deeper research is based
on [28]. Then, we substitute them into the equation (5). Next,
the corresponding equation is simpli�ed as follows:
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This shows that the coef�cient matrix is non-singular and
the equation exists only one solution. Solving (6), we achieve
that A1 = 130

79 , A2 = � 1016
711 , A3 = � 104

79 , andA4 = � 379
711 .





(10) is explicit in terms of the input discrete data{Pk}. We
choosed = 2 as an example and supposePk = ( xk , yk ), thus,
we get the resulting planar curve in the parameter form as
below: �

x(t) =
P

k xkg(t− k);
y(t) =

P
k ykg(t− k).
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Fig. 3. Closed curve construction using cubic GMK-splinesg(t) (blue solid
line), and cubic B-spline (brown dotted line). (a) The interpolatory curve
produced by using repeatedly some points three times to approximate a circle.
(b) The sample pointPk is very close to the next one, that results in a knot
on the resulting curve. (c) Modify the position ofPk to eliminate the knot.
(d) Further modify the position ofPk to get more beautiful curve shape.

Based on this parameter form, the examples related to sur-
face design are given in the following. Taken into account of
four vertices of a square and one connecting point from them,
these �ve points are queued clockwise or counterclockwise as
the original sample points, i.e.,P1, P2, P3, P4, P1, whereP1

is called the connecting point. Forn ≥ 2, the interpolatory
curves closely approximate a circle by repeatedly using the
endpoints with a number of times. Within this example, the
sequence of the control points used is listed as follows:

P3, P4, P1, P2, P3, P4, P1, P2, P3. (11)

Hence, it produces a closed curve that is very close to
a circle. These control points of this example are given
speci�cally as P1 = (0 , 0), P2 = (2 , 0), P3 = (2 , 2), and
P4 = (0 , 2). Besides, the approximated circle is with the
center of(1, 1) and the radius of

√
2. As shown in Fig. 3 (a).

Interestingly, by adjusting the position ofPk , the shape of the
curve is also locally modi�ed. This local modi�cation feature
is very �exible. In practical applications, when �ne adjustment
of a speci�c local area of the curve is necessary to meet
speci�c shape requirements, only the position ofPk needs to
be changed in a targeted manner, without making large-scale
adjustments to the control points of the entire curve, providing
convenience for personalized design and optimization of the
curve. As shown in Fig. 3 (b)-(d).

.
In the following, the related rules are summarized for basic

shape curves.
• Open curves: The shape of an open curve is affected

by using the number of sample points and the repeti-
tion times of the endpoints. The repetition times of the
endpoints should match the support interval of the basis
function. For example, forg(t) with a support interval
of [-4, 4], its endpoints usually need to be repeated four
times.

• Closed curves: Select appropriate sample points (such as
square vertices combined with a connecting point), and
the curve can be approximated to a circle by repeating
the endpoints. If initial sampling causes an unsatisfactory
result, the curve is optimized by resampling, inserting
additional points, and locally adjusting one or several
samples, as shown in Fig. 3 (b)-(d).

• Spline comparison: As shown in Fig. 4, compared to
cubic B-spline �tting and linear interpolation, the GMK-
spline performs signi�cantly better in the spatial domain
and has an interpolation result very similar to the B-spline
interpolation, making it an excellent alternative.

B. Surface design
A tensor surface passing through a grid of given data points

{Pij } (Pij ∈ Rd, the dimensiond ≥ 3) is represented in the
parameter form:

P (t1, t2) =
X

i

X

j

Pij g(t1 − i)g(t2 − j),

By using the GMK-spline basis functiong(t), and then the
interpolatory surface hasC2-continuity. Note that the given
data are required to be regular or on the grid. Takingd = 3
into consideration for general applications and assumingPij =
(xij , yij , zij ), we get the resulting surfaceP = ( x, y, z) as
follows:
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x(t1, t2) =
P

i

P
j xij g(t1 − i)g(t2 − j);

y(t1, t2) =
P

i

P
j yij g(t1 − i)g(t2 − j);

z(t1, t2) =
P

i

P
j zij g(t1 − i)g(t2 − j).

The control points in (11) are 2D. Now, they are extended
to the 3D space:P1 = (0 , 0, 0), P2 = (2 , 0, 0), P3 = (2 , 2, 0),
and P4 = (0 , 2, 0), and two other control points are added
to them: P5 = (1 , 1,−

√
2) and P6 = (1 , 1,

√
2). The

corresponding control grid is given as
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Fig. 4. Shape design example. (a) Sample points. (b) Linear interpolation.
(c) Cubic B-spline �tting. (d) Cubic GMK-spline interpolation byg(t). (e)
Cubic B-spline interpolation. (f) Comparison among the GMK-splinesg(t)
(blue solid line) and the cubic B-spline (brown dotted line).






