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Abstract. So far, the best result in running time for solving the “float-
ing” watchman route problem (WRP) is O(n* log n); the best result
in running time for solving the “fixed” safari route problem (SRP) is
O(n? log n) published in 2003 by M. Dror, A. Efrat, A. Lubiw, and
J. Mitchell. The best result in running time for solving the “floating”
zookeeper route problem (ZRP) is O(n?) published in 2001 by X. Tan.
This paper provides an algorithm for the “floating” WRP with k(e) -
O(kn) runtime, where n is the number of vertices of the given simple
polygon IT, and k the number of essential cuts; x(¢) defines the numerical
accuracy in dependency of a selected constant € > 0. This paper also
provides an algorithm for the “floating” SRP with k() - O(kn + ms)
runtime, where n is the number of vertices of the given simple polygon
11, k the number of convex polygon P;s, and my, is the number of vertices
of P;s. This paper also provides an algorithm for the “floating” ZRP with
k() - O(kn) runtime, where n is the number of vertices of all polygons
involved, k the number of the “cages”.

Moreover, our algorithms are significantly simpler, easier to understand
and implement than previous ones for solving the WRP, SRP and ZRP.
Finally, our algorithms can solve more general SRP and ZRP where each
convex polygon is replaced by a convex region such as convex polybezier
(beziergon) or ellipse.

1 Introduction

1.1 The Watchman Route Problem

Let IT be a planar, simple, topologically closed polygon with n vertices. A point
p € II is wisible from point ¢ € IT iff pg C II; see Figure 1. The watchman
route problem (WRP) of computational geometry, as discussed in [4], is defined
as follows:

Calculate a shortest route p C II such that any point p € II is visible from
at least one point on p.
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Fig. 1. A watchman route.

It follows that p is a polygonal path, and this problem is actually equivalent to
the task that all points p € IT are visible just from the vertices of the polygonal
path p. If the start point of the route is given then this refined problem is known
as the fized WRP.

A simplified WRP (i.e., find a shortest route in a simple isothetic polygon)
was solved in 1988 in [17] by presenting an O(n loglog n) algorithm. In 1991, [18]
claimed to have presented an O(n*) algorithm, solving the fixed WRP. In 1993,
[48] obtained an O(n?) solution for the fixed WRP. In the same year, this was
further improved to a quadratic time algorithm [49]. However, four years later,
in 1997, [26] pointed out that the algorithms in both [18] and [48] were flawed,
but presented a solution for fixing those errors. Interestingly, two years later, in
1999, [51] found that the solution given by [26] was also flawed! By modifying
the (flawed) algorithm presented in [48], [51] gave an O(n*) runtime algorithm
for the fixed WRP.

In 1995, [12] proposed an O(n'?) runtime algorithm for the WRP. In the
same year, [40] gave an O(n®) algorithm for the WRP. This was improved in
2001 by an O(n®) algorithm in [52]; this paper also proved the following

Theorem 1. There is a unique watchman route in a simple polygon, except for
those cases where there is an infinite number of different shortest routes, all of
equal length.

So far the best known result for the WRP is due to [22] which presented in
2003 an O(n* log n) runtime algorithm.

Given the time complexity of those algorithms for solving the WRP, find-
ing efficient approximation algorithms became an interesting subject. Recall the
following definition; see, for example, [28]:
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Definition 1. An algorithm is an §-approximation algorithm for a minimiza-
tion problem P iff, for each input instance I of P, the algorithm delivers a
solution that is at most § times the optimum solution.

In case of the WRP, the optimum solution is defined by the length of the
shortest path. In 1995, [34] published an O(log n)-approximation algorithm
for solving the WRP. In 1997, [13] gave a 99-98-approximation algorithm with
time complexity O(n log n) for the WRP. In 2001, [54] presented a linear-time
algorithm for an approximative solution of the fixed WRP such that the length of
the calculated watchman route is at most twice of that of the shortest watchman
route. The coefficient of accuracy was improved to v/2 in [56] in 2004. Most
recently, [57] presented a linear-time algorithm for the WRP for calculating an
approximative watchman route of length at most twice of that of the shortest
watchman route.

There are several generalizations and variations of watchman route prob-
lems; see, for example, [10, 11, 14, 21, 23-25, 31, 36, 39-43]. [1-3] show that some
of these problems are NP-hard, and the authors solve them by approximation
algorithms.

Let ESP denote the class of any Euclidean shortest path problem. Corre-
sponding to Definition 1, we introduce the following

Definition 2. An Euclidean path is an d-approximation (Euclidean) path for
an ESP problem iff its length is at most § times the optimum solution.

1.2 The Safari Route Problem

Let IT contain k pairwise disjoint convex polygons P; (i = 0,1,...,k — 1) such
that exactly one edge of each of these polygons P; is incident with the boundary
of IT. We are interested in a route with vertices p; € OF;, for i = 1,2,...,k.
We consider indices modulo k, and identify index k with index 0 this way. Start
point p and end point ¢ are assumed to be identical; that means we have p =
q = po € OPy. Let P? be the interior of P;. The safari route problem (SRP),
introduced in [42], is defined as follows:

Calculate a shortest route p C II inside of II such that p visits each P; at a
point p; on the boundary of P;, allowing that straight segments p;p;+1 (mod k)

intersect P in one or several segments, for i =0,1,...,k — 1.

Analogous to WRP, if the start point of the route is given then this refined
safari problem is known as the fired SRP. Otherwise, the problem is known as
the floating SRP.

[42] was historically (in 1992) the first publication which studied the safari
problem. It claimed to have an O(kn?) time algorithm for solving this problem,
where n is the total number of vertices of polygon Il and all polygons P;, for
i=1,2,...,k In 1994, [50] improved the result to an O(n?) time algorithm for
the floating SRP, not using anymore the restriction used in [42] of forcing the
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route through a specific point. In 2003, [55] showed that there is an error in the
algorithm proposed in [42], and presented an O(n?) time algorithm for the fixed
SRP, where n is again the total number of vertices of II and all polygons P;, for
i =1,2,...,k The algorithm runs in O(n*) time for the floating SRP. In the
same year, the result was improved by [22] with an algorithm running in time
O(kn log(n/k)) for the fixed SRP.

This paper provides an algorithm for the floating SRP with x(g)-O(kn+my)
runtime, where n is the number of vertices of the given simple polygon I1, k the
number of convex polygon P;s, and my is the number of vertices of P;s; x(¢)
defines the numerical accuracy in dependency of a selected constant € > 0.

1.3 The Zookeeper Route Problem

The zookeeper route problem (ZRP) was introduced in [19]; it is defined as follows
(informally speaking, “the zookeeper is not supposed to enter any of the cages
on his path, but to visit all”):

Calculate a shortest route p inside of II such that p wvisits each “cage” P;
(i.e., convex polygons) at a point p; on its boundary, and such that this path is
not intersecting any of the interiors P, fori=0,1,...,k — 1.

Analogous to WRP and SRP, if the start point of the route is given then
this refined zookeeper route problem is known as the fired ZRP. Otherwise, the
problem is known as the floating ZRP.

Both [16] (in 1987) and [19] (in 1992) present an O(n?) algorithm for the fixed
ZRP, where n is the total number of vertices of I and P;, and i = 1,2,... k.
In 1994, [27] improved this to O(n log?n). In 2003, [5] improved this further to
O(n log n); the algorithm is still for the fixed ZRP, and n is the input size as
defined above. [53] (in 2001) gave an O(n?) algorithm for the floating ZRP.

This paper provides an algorithm for the floating ZRP with x(g) - O(kn)
runtime, where n is the number of vertices of the given simple polygon IT and
all convex polygon P;s, k the number of convex polygons P;, k(e) defines as in
previous subsection.

This paper is organized as follows: Section 2 defines some notations for later
usage. Section 3 briefly introduces the original rubberband algorithm to the
computational geometry community. Section 4 presents a simple rubberband
algorithm. Sections 57 propose and discuss the main algorithms of this paper.
Section 8 handles more general SRP and ZRP. Section 9 concludes.

2 Basics

Throughout the paper, IT is a planar, simple, topologically closed polygon, and
OII is its frontier, given by a polygonal path with n vertices. A vertex v of IT is
called reflex if v’s internal angle is greater than 180°.
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Let P be a simple polygon. Let ¢1,q2 € P with ¢; # ¢2. We denote by
p(q1, P,q2) [p~'(q1, P, q2)] a simple polyline which starts at ¢; and goes then
anti-clockwise [clockwise] around JP; finally it ends at g2. (Note that “anti-
clockwise” means that when tracing an edge of 0P, a point p € P°, which is
sufficiently close to this edge, is always on the left-hand side of this edge.)

We recall some definitions from [57]. Let u be a vertex of IT which is adjacent
to a reflex vertex v. Assume that the straight line uv intersects an edge of IT at
v’. Then the segment C' = vv’ partitions IT into two parts. C is called a cut of
II, and v is called a defining vertex of C'. That part of II which does not contain
u is called essential part of C' and denoted by II(C).

A cut C dominates a cut C" iff IT(C) contains IT(C"). A cut is called essential
if it is not dominated by another cut. In Figure 2 (which is Figure 1 in [57]),
the cuts zz’ and yy’ are dominated by Cs and Cj, respectively; the cuts Cy, Cs,
C3, Cs and Cy are essential. Let C be the set of all essential cuts. The WRP is
reduced to find a shortest route p such that p visits all cuts in C in some order
(see Lemma 1, and also see [2] or [11]).

Let S¢ = {C1,Cs,...,Ck} be the sorted set C such that v; is a defining
vertex of C;, and vertices v; are distributed in clockwise order around 9I1, for
i=1,2,... k.

If two points u and v are on two different edges of II, such that the segment
uv partitions IT into two parts, then we say that uv is a general cut of IT. We
may arbitrarily select one of both endpoints of the segment uv, say u, to be its
start point. For example, for a cut C of II, we may identify the defining vertex
of C' with its start point.

If Cy, C1, ..., Cx_1 are k general cuts of II such that their start points are
ordered clockwise around OII, then we say that Cy, C1, ..., Cx_1 and IT satisfy
the condition of the general watchman route problem (WRP). For example, in
Figure 3, C7, Cy and IT satisfy the condition of the general WRP.

Fig. 2. Examples for cuts and essential cuts [57].
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(5]
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Fig. 3. Two general cuts C7, C> and a simple polygon IT which satisfy the condition
of the general watchman route problem.

Let p, ¢ € II; if pg C II then g can see p (with respect to IT), and p is a
visible point of q.

Let ¢ € II and assume a segment s C II. If, for each p € s, g can see p, then
we say that g can see s.

Let ¢ € II, segment s C II, p € s, and p is not an endpoint of s. Let d,
be the Euclidean distance. If ¢ can see p, but for any sufficiently small ¢ > 0,
q cannot see p’, where p’ € s and d.(p,p’) = ¢, then we say that p is a visible
extreme point of g (with respect to s and IT).

Let segment s C IT and g € II \ s. If there exists a subsegment s’ C s such
that ¢ can see s’, and each endpoint of s’ is a visible extreme point of ¢ or an
endpoint of s, then we say that s’ is a mazimal visible segment of ¢ (with respect
to IT).

Let sg, s1, - - ., and sx_1 be k segments (k > 2) in three-dimensional Euclidean
space (in short: 3D), p € sg, and ¢ € sg—1. Let Lg(p,q) be the length of the
shortest path, starting at p, then visiting segments s1, ..., and si_s in order, and
finally ending at ¢, where S = (s, 81, ..., Sk—1). Subscripts related to essential
cuts are taken mod k in the following.

Let p, ¢ € II. We denote by prr(p, q) the shortest path from p to ¢ inside of
IT; Liz(p, q) the length of prr(p, q).

Let p be a polygonal path and V(p) the set of all vertices of p; [V (p)]| is the
number of vertices of p. Denote by C(S) the convex hull of a set S. Let Sy, S,
..., and Si_1 be k non-empty sets; let

SoXS1X...xS,_1= {(1'0,1'17...,{,6;6,1)11'0 € SoANx1 €851...Nx)_1 € Skfl}

Denoted by HI-:Ol S;. If S; = [0,1], where ¢ = 0, 1, 2, ..., k — 1, then denote

7

[1:=y Si by [0,1)*.
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If an expression is derived from a finite number of polynomials in « by only
W M e,

applying operations “+”, , X747 or “\/” finitely often, then we say that
this expression is a simple compound of polynomials in x. For example,

45 — 1
Va1 YL
V3zd +19

is a simple compound of polynomials in x.

Let f be a function, mapping R into R. If interval J C I, then we say that
J is a subinterval of interval I. If f is monotonous in J, then we say that J is
a monotonous interval of f in I. If zy satisfies f(zo) = 0, and for a sufficiently
small numbers § > 0 and all z; in the interval (xo — d, 29 + 9), f(x1) # 0, then
we say that zq is an isolated solution of f(x). If I C R is a bounded interval,
and for all z in I, f(x) = 0, then we say that I is an interval solution to f(x).

We generalize those two definition for the multi-variable case: Let f be a

function from R™ into R, for m > 1. At a point (z1,,%2y,---,Tm,), assuIe
that f(z1,,22,,---,Tmg) = 0, and for a sufficiently small number ¢ > 0 and all
(X1,,@2y,. .., Tm,) such that ¢ =1, 2, ..., m, and

T € (xio - 57 Tiy + 5) \ {xio}

we have that f(z1,,22,,...,Tm,) # 0; then point (x1,,T2,,...,Zm,) is an iso-
lated solution of f(x1,Za,...,Tm)-

If I, € R is a bounded interval, and for ¢ = 2, 3, ..., m, I; C R is a
bounded interval or a single point (i.e., a degenerated bounded interval), and
for all x1, € Iy, there exists an z;, in I; such that f(z1,,22,,..., ... Tm,) =
0, then we say that (I, Is,...,I,) is an interval solution to f(x1,za,...,%m).
We say that (z1,,Z2,,--.,Tm,) I8 an isolated solution to the system formed by
fi(z1,22,. .., xm) =0,for j=1,2,...,m,if for any of those j, (z1,, %24, - - -, Tmy)
is an isolated solution to f;(z1,x2,...,Zm).

We say that (I, Is,...,I,,) is an interval solution to the system formed by
filz1,22,...,2m) =0, for j =1, 2, ..., m, if for any of those j, (I1,12,...,In)
is an interval solution to fj(x1,x2,...,%m).

Let P be a convex polygon such that exactly one edge of P, denoted by
e, is incident with the boundary of II. If P’ is a convex polygon such that P’
contains P; P’ is similar to P; and the distance between each edge of P’ and its
corresponding edge in P is e3 > 0, then P’ is called a e3-outer polygon of P (see
Figure 4 left). Let . be the straight line which contains e. [, cuts P’ into two
polygons. One of them contains P. We call this polygon e3-polygon of P (with
respect to e)(see Figure 4 right).

If Py, P1, ..., Py—1, and II are k convex polygons such that P; and P;y; are
disjointed; P; is contained in II and exactly one edge e; of P; is incident with
OIl, where i = 0, 1, 2, ..., k — 1; and eq, €1, ..., ex_1 are ordered clockwise
around OIT, then we say that Py, Py, ..., Py—1, and IT satisfy the SRP (or
ZRP) condition. For example, in Figure 5, Py, P2, and IT satisfy the SRP (ZRP)
condition.
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Fig. 4. Left: es-outer polygon of a convex polygon P; right: €3 polygon of P.

Fig. 5. An example for illustrating three polygons satisfying the safari problem condi-
tion.

Let P; and IT satisfy the ZRP condition; P; N IT = e; (i.e., e;is an edge of P;
which is incident with OIT). If two points p;,, p;, € OP;\e;, and p;,, pi, (pi, and
pi, may be identical) are ordered anti-clockwise around OP;, then we say that
(piy s Diy) 18 & ZRP pair.

Let II’ be the simple polygon obtained by modifying IT by replacing e; by
OP\e;, where i =0,1,2, ..., k— 1.

A simple curve is a curve in a plane such that each point of it can be expressed
as (z(t),y(t)), where ¢ varies in an interval [a,b] and both x(t) and y(t) are
differentiable in [a,b]. A simple region is a planar, convex, topologically closed
region such that its boundary consists of some simple curves.

This ends our introduction of technical terms. We also recall in one place
here four results and three algorithms which will be cited later in this paper:
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Lemma 1. ([17], Lemma 3.3) A solution to the watchman route problem (i.e.,
a shortest tour) must visit the C;s in the same order as they meet OII.

Lemma 2. ([42], Lemma 2) A solution to the safari problem (shortest tour)
must visit the P;’s in the same order as it meets OI1.

Lemma 3. ([19], Lemma 2) A solution to the zookeeper problem (shortest tour)
must visit the P;’s in the same order as it meets OI1I.

Theorem 2. ([57], Theorem 1) Given a simple polygon II; the set C of all es-
sential cuts for the watchman route in II can be computed in O(n) time.

Algorithm 2D ESP (see [37], pages 639-641) has as input a simple, topolog-
ically closed polygon II and two points p, ¢ € II and calculates a set of vertices
of a shortest path from p to ¢ inside of II. Its running time is O(|V(911)).

We also refer to a convex hull algorithm (see, e.g., [35] or Figure 13.7, [30]),
which reads an ordered sequence of vertices of a planar simple polygonal curve p,
and outputs an ordered sequence of vertices of the convex hull of p; its running
time is O(|V (p)])-

We will also use a tangent calculation (see [47]), which has as input an ordered
sequence of vertices of a planar convex polygonal curve 9II and a point p ¢ IT;
its output are two points ¢; ¢ II such that pt; are tangents to 9II, for i = 1, 2;
the running time is O( log |V (9IT)]).

3 The Origin of Rubberband Algorithms

In this section, we recall the original rubberband algorithm, as defined for regular
grids in 3D [9]. The ideas and basic steps of this algorithm will then guide us
when solving the WRP. The original (or first) rubberband algorithm was defined
in the context of 3D digital geometry, assuming a regular orthogonal grid in 3D.

Fig. 6. Example of a cube-curve which has 22 critical edges.
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A cube-curve g is a loop of face-connected grid cubes in a 3D regular or-
thogonal grid; the union g of those cubes defines the tube of g. The original
rubberband algorithm in [9] discusses ESPs in such tubes, which are also called
minimum-length polygonal curves (MLPs). A critical edge of a cube-curve g is
such a grid edge which is incident with exactly three different cubes contained
in g. Figure 6 shows all the critical edges of a cube-curve.

The computation of 3D MLPs was at first published in [7-9,29], proposing
and discussing a rubberband algorithm'. This original rubberband algorithm is
also published in the book [30].

Let p = (po,p1,- -+, pm) be a polygonal curve contained in a tube g. Such a
curve is complete if it intersects with every cube of g. A polygonal curve £ is a
g-transform of p iff £ may be obtained from p by a finite number of steps, where
each step is a replacement of a triple a, b, ¢ of vertices by a polygonal sequence
a,by, -+, by, csuch that the polygonal sequence a, by, - - -, bg, ¢ is contained in the
same set of cubes of g as the polygonal sequence a, b, c.

Assume a polygonal curve p = (pg,p1, -, Pm) and three pointers addressing
vertices at positions ¢ — 1,7 and 7 + 1 in this curve. There are three different
options that may occur, and which define a specific g-transform:

(Oq) Point p; can be deleted iff p;_1p;+1 is a line segment within the tube.
Then the subsequence (p;—1, pi, pi+1) is replaced in the curve by (p;—1,pi+1). In
this case, the algorithm continues with vertices p;—1, pit+1, Di+2-

(O2) The closed triangular region A(p;—1,p;, pit1) intersects more than just
three critical edges of cube-curve ¢ (i.e., a simple deletion of p; would not be
sufficient anymore). This situation is solved by calculating a convex arc and by
replacing point p; by a sequence of vertices ¢, - - -, gx on this convex arc between
pi—1 and p;11 such that the sequence of line segments p;_1q1, ..., qrkpi+1 lies
within the tube. In this case, the algorithm continues with a triple of vertices
starting with the calculated new vertex qy.

If (01) and (O2) do not lead to any change, the third option may lead to an
improvement (i.e., a shorter polygonal curve which is still contained and complete
in the given tube). Here, [. denotes the straight line defined by extending an edge
e at both ends to infinity:

(O3) Point p; may be moved on its critical edge to obtain an optimum position
Pnew Minimizing the total length of both line segments p;—1Ppew and PpewPiti-
First, find pop: € [ such that

|popt - Pi—1| + |popt - pi+1| = minpeleL(p)

with L(p) = |p—pi—1|+ |[p — pi+1]. Then, if p,,; lies on the closed critical edge e,
let ppew = Popt- Otherwise, let ppe,, be that vertex bounding e and lying closest
to Popt -

The authors showed in various previous publications (see, for example, [32])
that the basic idea of (O3) can be generalized to establish a whole class of rubber-
band algorithms (RBAs) for solving various Euclidean shortest path problems.

! Not to be confused with a 2D image segmentation algorithm of the same name [33].
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The main algorithm of this paper is also just some kind of adaptation of this
original rubberband algorithm.

4 Sequences of Line Segments in 3D

In this section, we present a simple rubberband algorithm which receives as input
a finite sequence of line segments in 3D. Later it will be generalized and becomes
then the main algorithm; see Section 5.

4.1 The Algorithm

The numerical accuracy of results obtained by a rubberband algorithm is con-
trolled by a chosen accuracy constant € > 0. For example, with respect to cur-
rent computer technology, a constant such as ¢ = 1071 is appropriate. However,
whenever ¢ is mentioned, have in mind that its value may further decrease with
the progress in computer technology.

Algorithm 1 (RBA for a sequence of pairwise disjoint 3D line segments)
Input: A sequence of k pairwise disjoint line segments Sy, S, ..., Sk in 3D; two
points p, q ¢ Ule S;, and an accuracy constant € > 0.

Output: A sequence (p, p1,pa, ..., Dk, q) of an [1+4(k+ 1)r(e)/L]-approximation
path which starts at p, then visits (i.e., passes through) segments \S; at p; in the
given order, and finally ends at ¢, where L is the length of an optimal path, r(¢)
the upper error bound? the for distances between p; and the corresponding opti-
mal vertex p}: de(p;,p}) < r(e), for i =1,...,k, where d. denotes the Euclidean
distance.

We provide an informal specification of the algorithm. The algorithm consists of
two parts: initialization and iteration step. In the initialization part, we select
an initial path and calculate its length. For example, take arbitrarily one point
in each segment and connect those points into a sequence, to obtain an initial
path. We could also take the center or one of the endpoints in each segment. In
each iteration cycle, we update all the vertices of the path in sequence: For every
three subsequent vertices p;_1, p; and p;11 in the path, we consider the first and
third vertices, p;—1 and p;+1, as being fixed and slide p; freely in segment S;
into an optimal point with respect to this local configuration; we update p; by
replacing it with this newly detected, locally optimal point. That is, we apply

de(Di—1,0i) + de(ps, pit1) = min{de(pi—1,p) + de(p, pit1) :p € Si} (1)

At the end of the iteration cycle we compute the difference between the length of
the previous path to that of the current (i.e., updated) path; if this is less than
then this terminates the algorithm. Otherwise, we go to the next iteration cycle.

Figure 7 shows on the left an initial path (p, p1, p2, ps, pa,q) for Algorithm 1;
on the right it shows an optimal point g € S5 for the given positions of p; and
p3, defining the new position of ps. Note that optimal points are not necessarily
at endpoint positions.

2 Tt is obvious to see that lim. . r(¢) = 0
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P p s, D1 S,

p2 q2 N\ P2
Sz 52

S3 /D3 S3 /D3

Fig. 7. lllustration for Algorithm 1.

4.2 Proof of Correctness

We have to show that these repeated local optimizations of Algorithm 1 ensure
that the calculated path converges against the shortest path.

Let so,s1 and s9 be three (closed) pairwise disjoint line segments; the two
endpoints of s; be a; = (a;,,a;,,a;;) and b; = (b, b;,, bi,). A point p; € s;, for
1 =0,1,2, may be written as

pi(t;) = a; + (b; — a;)t;
= (a1, + (b1, —a1,)ti, a1, + (b1, — a1,)ti, a15 + (b1 — arg)ti)

where t; € [0,1]. Let d(to,t1,t2) = de(p1(t1),po(t0)) + de(p1(t1), p2(t2)). Then
we have the following

Observation 1
Ad(to,t1,t2)

o0t

implies that to is a simple compound of polynomials of to and t1. All the tg, t1
and ty are in [0, 1].

=0 (2)

Proof. The formula

de(p1(t1), polto)) = Z{[ali + (b1, — a1,)t1)] = [ao, + (bo, — ao,)t0)]}*  (3)

can be simplified: Without loss of generality, we can assume that s; is parallel
to one of the three coordinate axes. It follows that only one element of the set
{b1, — a1, : i =1,2,3} is not equal to 0, and the other two are equal to 0. Thus,
we can assume that the expression inside the square root in Equation (3) can be
written as

3
Z{[ali + (b1, — ax,)t1)] — [ao, + (bo, — ao,)t0)]}?

= {[a1, + (b1, — a1,)t1)] — [ao, + (bo, — ao, )t0)]}?
+{a1, — lao, + (bo, — a0, )t0)]}>
+{a1, — [ao, + (bo, — ao,)t0)]}?
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Thus, we have that

de(p1,p0) = |A1|\/(t1 + Boto + Co)? + Doto? + Eoto + Fy

where A; is a function of aq, and b1,; By, Co, Do, Ey and F are functions of
ao;, bo,, a1, and by,, for ¢ = 0, 1, 2. — Analogously, we have that

de(p1,p2) = |A1|\/(t1 + Boto + Co)2 + Doto? + Esty + F

where By, C3, Do,Es and Fj are functions of ay,, b1,, a2, and by, for i =0, 1, 2.
By Equation (2) or the following,

d(de(p1,po) + de(p1,p2))

=0
ot

we have that
t1 + Boto + Co
V/(t1 + Boto + Co)2 + Doto? + Eoto + Fo
+ t1 + Boty + Co
\/(t1 + Baty + C2)2 + Dato® + Eaty + Fy

=0

This equation can be written as
Aty® + Bty +C =0

where A, B, and C are polynomials of tg, t1 (and ao,, bo,, a1,, b1,, az, and ba,
for i =0, 1, 2). To keep t2 inside of [0, 1], let to = 0 if we have to satisfy to < 0;
and let t5 = 1 if we have to satisfy to > 1. This proves the observation. a

Analogously, we have

Observation 2 Equation (2) uniquely implies that t1 is a continuous function
n tyg and to.

Proof. We may translate two points po(to) and pa(t2), and line segment s; such
that the endpoint a; of s is identical to the origin. Then rotate pg(to), p2(t2),
and s; such that the other endpoint b; of s; is (also) on the z-axis. Let po(to)
= (po,, P0s, P03 )s P2(to) = (P2, , P2y, P25 )- After translation and rotation, we have
that a; = (0, 0 ,0) and b; = (b1,,0,0). Thus, p1(t1) = (b1,t1,0,0), and

de(p1,10) = V/(b1,t1 — o, )2 + Po, 2 + Pos 2

de(p1,p2) = V/ (b1, t1 — p2,)? + P2, 2 + 2,2

Equation (2) is equivalent to

d(de(p1,p0) + de(p1,p2))
ot1

=0
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From this we obtain that

b1,t1 — po, " bi,t1 — pa,
V01, t1 =0y )2 + 10,2 + 00,2 V/(b1,t1 — p2,)? + pay? + p2,2

This equation has a unique solution

t = D0,/ D252 + D242 + P2,\/P0,? + Do,

b1, (VD222 + p2;2 + /P0,2 + Pos2)

Again, to keep tq inside of [0, 1], let t3 = 0 if we have to satisfy t5 < 0; and let
to = 1 if we have to satisfy to > 1. This proves the observation. a

Let s, 81, - - ., and sg41 be k+2 (closed) line segments. Let the two endpoints of s;
be a; = (ail,ah,aig) and b; = (bil,biz,bh). Points p; € s;, for i = 0,1,2,..., k+
1, can be written as follows:

pi(t;) = a; + (b; — a;)t;
= (a1, + (b1, —a1,)ti, a1, + (b1, — a1, )ti, a15 + (b1 — arg)ts)

where t; € [0,1].

Let
k

d(to, t1,ta, - ter1) = de(pi(ti), pir1(tis)) (4)
i=0

Assume that both sy and si41 degenerate into single points p and ¢q. Then
we have that tg = tx11 = 0. We also have the following

Observation 3 For each i € {1,2,...,k},

Od(to,t1,ta, ...tk trt1)
ot;

=0 (5)

18 equivalent to
Od(t;_1,ti,tig1)

o, =0 (6)

where t1, ta, ..., ty are in [0, 1].

Note that Equation (5) is related to a global minimum property of the Euclidean
path (p,p1,pa, ..., Pk, q) while Equation (6) is related to a local minimum prop-
erty of the same path. Therefore, Observation 3 describes a relationship between
global and local minimum properties of the same path.

Observation 4 The equational system formed by Fquation (5) (where i = 1,
2, ..., k) implies a unary equation f(t1) = 0 which has only a finite number of
isolated or interval solutions in [0, 1].
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Proof. By Observation 3 and Observation 1, ¢;11 is a simple compound of poly-
nomials in ¢;_; and ¢;, denoted by t;11 = fi(t;—1,t;). Thus, the system formed
by Equation (5) (where ¢ = 1, 2, ..., k) implies an equational system formed
by ta = fa(to,t1), t3 = f3(t1,t2), ta = fa(ta,t3), -+, tk = fu(tp—2,tr—1), and
ti+1 = fe+1(tk—1,tk). Now note that tg = tg1 = 0. Therefore, f(¢1) is a sim-
ple compound of polynomials in ¢;. Note that function f(¢1) has only a finite
number of monotonous intervals in [0, 1], and f(¢;) is differentiable in each of
those monotonous intervals. Thus, f(¢1) can be approximately expressed as a
linear function in a finite number of monotonous subintervals in [0, 1]. There-
fore, Function f(¢;) has only a finite number of isolated or interval solutions in
[0, 1]. This proves the observation. O

Observation 5 Algorithm 1 defines a continuous function frpa(p1,p2,---,Pk)
n Hle S; =81 X Sa X ... X Sk, or a function frpa(t1,ta, ..., tg) in Hle I, =
I x Iy x ... x I, = [0,1]%. And frpa(ti,ta, ..., t;) has only a finite number of
values.

Proof. For each (p1,p2,...,pk) € Hle S; or each (ti,ta,...,t;) € [0,1]%, Al-
gorithm 1 outputs the vertices of an approximate path. It can also output the
length of the approximate path, which is a positive real. In this way, Algorithm 1
defines a mapping from Hle S; to R, or from [0,1]* into R. By Observation 2,
and because Algorithm 1 will terminate after a finite number of steps, thus,
frBA(t1,t2, ..., ;) is continues in its domain [0, 1]*.

To prove the second conclusion of the observation, it is sufficient to prove
that for each interval solution J to the equational system formed by Equation (5)
(where i = 1, 2, ..., k), the following function

frBa(ti,ta, ... ty): J =R

has only a finite number of values. Suppose that f(¢1) = 0, where ¢; is in an
interval I C [0,1], and f(¢1) is defined as in Observation 4. By Observation 4,
d(ty,ta,...,t;) implies a unary length function L(t;) = 0, where ¢; is in an
interval I’ C I, d(t1,ts,...,t) is defined as in Equation (4), and

d[L(t1)]

T

(t; € I' C I). This implies that the length function L(t1) = constant, where t;
€ I' C I. Thus, function

fRBA(t17t27...7tk) :J—-R
has only a finite number of values. We have proven the observation. a
Theorem 3. If the chosen accuracy constant € is sufficiently small, then, for

any ingtial path, Algorithm 1 outputs a unique [1+4(k+1)-r(e)/L]-approximation
path.
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Proof. By Observation 5, Algorithm 1 defines a function frpa(p1,ps2,---,Pk)
in Hle S; which is continuous and only maps into a finite number of positive
real numbers (i.e., the lengths of paths), for any points p1,ps, ..., px sampled in
Hle S;. Therefore, frpa(p1,p2,---,pr) must be a singleton.

For each i € {1,2,...,k — 1}, the error of the difference between d.(p;, pi+1)
and d.(v;,vi11)) is at most 4 - r(€) because of de(p;, v;) < r(€). Let p = pg = vy
and ¢ = prp+1 = vi+1. We obtain that

k k
L <Y de(pipiv1) < Y _[de(vi,vigr) +4r(e)] = L+4(k+ r(e)  (7)
i=0 i=0
Thus, the output path is an [1 + 4(k + 1) - r(¢)/L]-approximation path. This
proves the theorem. a
Based on

Proposition 1. (see [20,46,59]) The shortest path from p to q, which passes
through the interior points of a sequence (S1,Sa,...,Sk) of line segments in the
given order, is unique.

and also based on our experiments we conclude that the equational system
formed by Equation (5) (where ¢ = 1, 2, ..., k) has only isolated solutions
in [0, 1].

We implemented 3 Algorithm 1, and were running the program several thou-
sands of times. For each run we took a random configuration of line segments

51,52,...,Sk.

man tterations 2039 2888 2133
mazx iterations 3513 3243 8441
min run time 44-11 s 62:922 s 47-188 s
max run time 77657 s 70-:094 s 187672 s
min initial length 827430 822952 822905
max initial length 846928 841860 839848

min final length ~ 516994-66273890162 513110-99723050051 512768 28438387887
max final length  516994-66273896693 513110-99723056785 512768-28457121132

Table 1. Three examples of experimental results, for three randomly generated se-
quences of 5,000 line segments in 3D space.

For example, Table 1 shows the results for three random configurations of
5,000 line segments. Each column summarizes results corresponding to one con-
figuration. For each configuration of line segments, we ran Algorithm 1 fifty
times with 50 random initial paths when starting the program. The table shows

3 The source code can be downloaded at www.mi .auckland.ac.nz/; follow link MI-tech
Reports.
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that for each configuration, although the lengths of initial paths are different,
the lengths of final paths are approximately identical.

In all those thousands of runs it turned out that the equational system formed
by Equation (5) (where i = 1, 2, ..., k) has only isolated solutions in [0, 1].

4.3 A Degenerate Case

In this section we study a degenerate case: when applying (O3) of the original
rubberband algorithm (see Section 3), assume that at least two vertices of the
obtained updated polygonal path are identical. In this case, RBAs may not work
properly. Unfortunately, this may actually occur sometimes when working with
RBAs, and we show (one possible way) how to handle such degenerate cases.

Having an option for dealing with such degenerate cases, we may even re-
move “pairwise disjoint” from the input conditions for the 3D line segments in
Algorithm 1. The more general algorithm is now as follows:

Algorithm 2 (RBA for a sequence of arbitrary 3D line segments)

Input: A sequence of k line segments S, Ss,..., Sk in 3D; two points p and ¢
which are both not in Ule S;, and an accuracy constant € > 0.

Output: Exactly the same as for Algorithm 1.

However, before specifying this algorithm, we discuss at first three examples,
which will help to understand the issue of degenerated cases, and will then be
used to motivate this modified RBA.

Ezample 1. Let the input for Algorithm 2 be as follows (see also Figure 8):

Sl = {4142, ‘92 = ({243, q1 = (O7O)a qe = (2a4), q3 = (370)7 pP= (170)a and
q=(2,0).

To initialize, let p; and pa be the centers of S; and Ss, respectively [i.e., p1 =
(1,2), and ps = (2'5,2)]. We obtain that the length of the initialized polyline
p = (p,p1,p2,q) is equal to 55616. Algorithm 2 finds the shortest path p =
(p, P}, Ph,q) where p| = (0-3646,0-7291), p,, = (2:8636,0-5455) and the length of
it is equal to 4-4944 (see Table 2, which lists resulting ds for the number ¢ of
iterations).

Ezxample 2. Now we modify Example 1 such that p; = ps = go; in this case, the
output of Algorithm 2 will be false: the calculated path equals p = (p, p}, 5, q),
where p} = g2 and p), = g2, and its length equals 8-1231.

We call a situation as in the previous example a degenerate case when ap-
plying a rubberband algorithm. In general, it is defined by the occurrence of at
least two identical vertices of the updated polygonal path. Such a degenerate
case causes Algorithm 1 to fail.

A degenerate case can be solved approximately: we will not allow that a case
p2 = @2 is happening. To do so, we can remove sufficiently small endsegments
from both segments S; and S5. The following example shows how to handle such
a degenerate case.
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O
q1

X

Fig. 8. Illustration of a degenerate case of a rubberband algorithm.

t 0

-0-8900
-0-1752
-0-0019
-1-2935e-005
-8-4435e-008
-5:4930e-010
-3-5740e-012

S oo e w| o]~

Table 2. Number ¢ of iterations and resulting ds, for Example 1, illustrated by Figure 8,
with p1 = (1,2) and p2 = (2'5,2) as initialization points.

Ezample 3. We modify the initialization step of Example 2 as follows: Let the
accuracy be
e=10x 1071

and let
§ =2221 x 10716

x=2-90 and y; =2 x 21
xo =240 and ys = —4 X (z2 — 3)
p1 = (z1,51) and p2 = (z2,y2)

The length of the initialized polyline p = (p, p1,p2,q) is equal to 8-1231. Algo-
rithm 2, to be defined below, will calculate the shortest path p = (p,p!, 5, q),
where pj = (0-3646,0-7291) and p5) = (2:8636,0-5455), and its length equals
4:4944 (see Table 3 for resulting ds in dependence of the number I of iterations).

Of course, if we leave the accuracy to be € = 1.0 x 107!°, then the algorithm
will stop sooner, after less iterations. For example, the algorithm was imple-
mented on a Pentium 4 PC using Matlab 7.04. If we change the value of ¢’
into

&' =222 x 10710

then we obtain the same false result as that of Example 1. This is because this
particular implementation was not able to recognize a difference between x; and
1 F 2-22 x 10716, However, for practical applications in general, the value

5 =2221 x 10716
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t é t § t 0 t 0

1 -54831e-007 7 -1-2313 13 -7-0319e-010 19 8-8818e-016
2 -62779e-006 8 -2-0286 14 -4-5732e-012 20 8-8818e-016
3 -77817e-005 9 -0-2104 15 -3:0198e-014 21 -8-8818e-016
4  -96471e-004 10 -0-0024 16 -8:8818e-016 22 8-8818e-016
5 -0-0119 11 -1-6550e-005 17 8-8818e-016 23 -8-8818e-016
6 -0-1430 12 -1-0809e-007 18 -8-8818e-016 24 O

Table 3. Number ¢ of iterations and resulting ds, for the example shown in Figure 8,
with p1 = (2 —6,2(2—6")) and p2 = (2+ &, —4((2 + &) — 3)) as initialization points
and §' = 2-221e-16.

Sit1 Sit1

Fig. 9. Handling a degenerate case of a rubberband algorithm.

should be small or accurate enough for this implementation.

We summarize the method for handling a degenerate case with the modified
rubberband algorithm (thus further preparing for defining Algorithm 2):

Let S;—1, S; and S;11 be three continuous segments in the input such that
S; N S;11 # 0. Assume that p;_1, p; and p;11 are three continuous vertices
of the updated polygonal path such that p; and p;y; are identical (see left of
Figure 9). Let €2 be a sufficiently small positive number. There are at most
two possible points p in S; such that d.(p,pi;+1) = €2. Select one such point p
such that d.(p,p;) + de(p, pi+1) is smaller, and update the polygonal path by
letting p; = p (see right of Figure 9). We say that p; is ey-transformed to be
p in S;. Analogously to the explanation of Equation (7), the total error of this
go-transform is 4(k — 1)eq, for handling the degenerate case, and &2 is called a
chosen degeneration accuracy constant.

To finalize this section, we provide a pseudo code of Algorithm 2 which also
handles degenerate cases as discussed above. Let py = p and pi1 = ¢. The output
of this algorithm is a sequence (p, p1,pa,...,pk,q) of an {1+4[(k+1)r(e)+ (k—
1)es]/L}-approximation path which starts at p, then visits segments S; at p;
in the given order, and finally ends at ¢, where L and r(g) are defined as in
Algorithm 1, and e5 is a chosen degenerative accuracy constant. The pseudo
code is listed below:
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1: For each i € {1,2,...,k}, let p; be a point in S; such that p; if S; N S;x1 #
(0, then select p; such that p; is not the intersection point.

2: Calculate L1 = Zi:ol Ls(pi,pit1); and let Ly = 0.
3: while Ly — Ly > ¢ do
4: foreachi € {1,2,...,k} do
5: Compute a point ¢; € S; such that
de(pi-1,¢i) + de(qi, piv1) = min{de(pi—1,p) + de(p, pit1) : p € Si}
6: if S; N Siz1 # () and ¢; is the intersection point then
7 go-transform ¢; to be another point (still denoted by ¢;) in S;.
8: end if
9: Update the path (p, p1,p2,...,Dk,q) by replacing p; by ¢;.

10: end for

11:  Let Ly = L; and calculate L, = Zf;ol Ls(piypit1)-
12: end while

13: Return {p,p1,p2,--., D0k, q}

In other words, Algorithm 2 is modified from Algorithm 1 by adding Steps 6
8 in this pseudo code for handling the degenerate case. An informal specification
of Algorithm 2 can also be obtained by modifying the informal specification of
Algorithm 1 in Section 4.1 as follows:

For each updated point p; in Equation (1), if it is the intersection point
between S; and S;_1 or S;;1, then eo-transform p; into another point.

We call

{81,89,...,5k}

the step set of the rubberband algorithm, and each S; is a step element of the
rubberband algorithm, where i = 1, 2, ..., k.

4.4 Time Complexity

The time complexity of Algorithm 2 (see pseudo code at the end of Section 4.3)
can be analyzed as follows: The main computation occurs in two stacked loops.
Each iteration of the inner for-loop runs in time O(k). In theory, the outer

while-loop might take
Lo—L
k() = ——

€

times, where L is the length of an optimal path, Ly is the length of an initial
path. Thus, Algorithm 2 will run in time x(e)O(k).

Algorithm 1 has been implemented and tested for a large number of various
inputs. We let the chosen accuracy constant to be ¢ = 107!°, and generated
input for £ = 5000, £=10000, or £=20000.

For each of those different numbers of segments, we were running the program
several thousands of times. According to the resulting observations, the program
often terminates after k iterations. These cases occurred at more than 90% of
all inputs. So far, the worst case for all the tested inputs was 3 - 6k iterations,
and worst cases in this order occurred at less than 0-1% of all inputs.
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Based on these thousands of runs, we conclude that Algorithm 2 runs prac-
tically with k() = O(k), or, equivalently, in time O(k?).

man tterations 2605 1522 2926

max iterations 3227 2741 7573

min work time 158.771sec 93.235sec 178.516sec

max work time 196.584sec 167.844sec 461.938sec
min initial length 3.32576e+006 3.33183e+4-006 3.33079e+006
mazx initial length 3.36785e+006 3.37652e4+006  3.37889e+006

min final length 2085786.2964211311 2083340.4955095584 2068552.0753370232
max final length 2085786.2964214147 2083340.4955139237 2068552.0753745015

Table 4. Experiment results for three random configurations of 20000 line segments.

For example, Table 4 shows the results for three random configurations of
20000 line segments. Each column shows summary results corresponding to one
configuration. For each configuration of line segments, we ran Algorithm 1 fifty
times with 50 random initial paths for starting the program. The table shows
that for each configuration, although the lengths of initial paths are different,
the lengths of final paths are approximately identical.

5 Solving the Watchman Route Problem

5.1 The Main Algorithm

In this section, we describe and discuss the algorithm for solving the watchman
route problem, thus (finally) arriving at the problem this article is aiming at to
solve with reasonable run time.

The used procedures are shown in Figure 10 where the main algorithm is
based on Procedure 2, which applies the 2D ESP algorithm, and Procedure 1.
We present the used procedures first and the main algorithm at the end.

As described in Section 4.1, the main idea of an RBA is as follows: In each
iteration, we update (by finding a local minimum or optimal vertex) the second
vertex p; for every three-subsequent-vertices subsequence p;_1, p;, p;+1 in the
step set {S1, Sa, ..., Sk}. The first procedure below computes the maximal visible
segment which is actually a step element of the used RBA. The second procedure
is used for updating the vertex.

Procedure 1 Compute Mazimal Visible Segment

Input: Polygon II and a general cut C' of II; let v1 and ve be two endpoints of
C'; two points p and q such that p € C and p is a visible point of ¢ € OIT \C.
Output: Two points p}, ph € C such that p € segment piph, and pip, is the
mazximal visible segment of q.
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Main Algorithm

The Watchman Route Problem

Procedure 2
Handling Three General Cuts

2D ESP algorithm Procedure 1
Handling Two General Cuts| [Maximal Visible Segment

Fig. 10. The main algorithm and the used procedures.

At first we describe Procedure 1 informally as follows: In Case 1, we have that
p is not an endpoint of C. For ¢ € {1,2}, if ¢ can see v;, (see left, Figure 11), let
pl = v;; otherwise, let V; be the set of vertices in V(0IT) such that each vertex in
V; is inside of Agpv;. Apply the convex hull algorithm to compute C(V;). Apply
the tangent algorithm to find a point p; € C such that ¢p} is a tangent to C'(V;)
(see right of Figure 11).

In Case 2, we have now that p is an endpoint of C. Without loss of generality,
assume that p = vy. Let p} = p. Let V5 be the set of vertices in V(9IT) such
that each vertex in V5 is inside of Agpv;. Apply the convex hull algorithm to
compute C(V3). Apply the tangent algorithm to find a point py € C such that
qph is a tangent to C(V2).

The Pseudo code of Procedure 1 is also listed below:

1: if p ¢ OII (i.e., p is not an endpoint of C') then

2:  forie {1,2} do

3 if qu; N OIT = 0 (i.e., ¢ can see v;) (see left of Figure 11) then
4: Let p} = v;.

5 else

Fig. 11. Ilustration for Procedure 1.
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6: Let V; be the set of vertices in V(9II) such that each vertex in V; is
inside of Agpv;.

7 Apply the convex hull algorithm to compute C(V;).

8: Apply the tangent algorithm to find a point p; € C such that ¢p/ is
a tangent to C(V;) (see right of Figure 11).

9: end if

10:  end for

11: else

12:  Without loss of generality, assume that p = v;. Let pj = p.
13:  Proceed analogously as in Steps 4-8, but now for i = 2.

14: end if

15: Output p}, i = 1, 2, and Stop.

Procedure 2 Handling of Three General Cuts

Input: Three general cuts Cy, Co and Cs of II; three points p; € C;, where i =
1, 2, 3.

Output: An updated shorter path p(p1,...,pa,...,ps), which might also contain
vertices of the polygon II.

1: For both ¢ € {1,2}, let {p;, pi+1} (where p; € C;) be the input for the 2D
ESP algorithm; the output is a set Vj;41. Let V. = Vig U Vag.

2: Find ¢; and ¢3 € V such that (g1, p2,q3) is a subsequence of V' (i.e., ¢1, p2,
g3 appear consecutively in V; see Figure 12).

3: Apply Procedure 1 to find the maximal visible segment s; of ¢;, i = 1, 3.

4: Find vertex py € so = s1 N s3 (see Figure 13) such that

de(q1,15) + de(py, q3) = min{de(q1,p") + de(p', g3) : P’ € 52}

U2
D2,
qs
41 CQ
Cs3

U

u3

P3

Fig. 12. Illustration for Step 2 of Procedure 2.
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Fig. 13. Illustration for Step 4 of Procedure 2.

Fig. 14. Illustration for Step 1 of Algorithm 3.

5: If Cy N Cy (or C3) # B and pj is the intersection point, then eo-transform
ph into another point (still denoted by p5) in Cs.
6: Update V by letting py = p).
We call the line segment so in Step 4 of Procedure 2 associated to the updated
(optimal) point ps.

Algorithm 3 Main Algorithm for Solving the WRP

Input: A degeneration accuracy constant eo > 0; k essential cuts Cy, Cq, ...,
Cy_1, and II, which satisfy the condition of the WRP, and points p; € C;, where
i=01,2 ... k—1.

Output: An updated closed {1 + 4k - [r(e) + 3]/ L}-approzimation path (i.e., the
“route”) p(po,---,P1,- -, Pk—1), wWhich may also contain vertices of polygon II.
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The following pseudo code is fairly easy to read, and we defer from providing
another (more informal) high level description of Algorithm 3.

1: For each ¢ € {0,1,...,k — 1}, let p; be a point in C; (see Figure 14).

2: Let Vo = V = (9o, p1,- - ore1)s L1 = 3520 L (pi, pis1); and Lo = 0.

3: while L; — Ly > ¢ do

4: for eachi € {0,1,...,k—1} do

5: Let C;_1, Cy, Cit1, pi—1, Pi, Pir1 and II be the input for Procedure 2,
which updates p; in Vj.

6: Let U; be the sequence of vertices of the path p(pi—1,...,Pi, -, Dit1)
with respect to C;_1, C; and C;1 (inside of IT); let U; = (g1, 92, - - -, @m,)-

7 Insert (after p;—1) the points of sequence U; (in the given order) into

Vo; that means, we have that

‘/1 = <p07p17"'7pi715q17q27'" aqm7pi+1a"'7pkfl>

(note: sequence V; is the updated sequence Vj, after inserting U;)

8: end for

9:  Let Lo = L; and Vo = V (note: we use the updated original sequence V'
instead of V; for the next iteration).

10:  Calculate the perimeter L, of the polygon, given by the sequence V; of
vertices.

11: end while

12: Output sequence V7, and the desired length equals to L.

5.2 Correctness and Time Complexity

The following basic results of convex analysis may be found, for example, in [6,
44, 45]:

Theorem 4. ([45], Theorem 3.5) Let S1 and S be convex sets in R™ and R™,
respectively. Then S1 x So is a convex set in R™T™, where m, n € N.

Proposition 2. ([6], page 27) Each line segment is a convex set.
Proposition 3. (/6], page 72) Each norm on R™ is a convex function.

Proposition 4. ([6], page 79) A nonnegative weighted sum of convex functions
s a convex function.

Proposition 5. ([45], page 264) Let f be a convex function. If x is a point
where [ has a finite local minimum, then x is a point where [ has its global
mInimum.

By Theorem 4 and Propositions 2-4, we have the following

Observation 6 Lg(p,q): soX sg—1 — R is a convex function.



26 Fajie Li and Reinhard Klette

Let Cy, Cs, and II satisfy the condition of the watchman route problem. By
Observation 6, we have the following

Observation 7 Li(p,q): C1x Co — R is a convex function.

Let s; C C; be the line segment associated to the final updated point p; €
C; in Algorithm 3, where ¢ = 0, 1, 2, ..., kK — 1. Analogous to Theorem 3, we
have the following

Theorem 5. If Assumption 7?7 is valid and the chosen accuracy constant € is
sufficiently small, then Algorithm 8 outputs a unique {1 + 4k - [r(¢) + e2]/L}-
approzimation (closed) path with respect to the step set (so,S1,...,8k—1,S0), for
any initial path.

Regarding the proof of correctness for Theorem 5, at first we define that
Algorithm 1 is also called an arc version of an RBA. If we modify Algorithm 1
such that p and ¢ are not specified by finding a shortest closed path which
passes through line segments (S7,Ss,...,Sk,S1) in order, then we obtain the
curve version of Algorithm 1.

Basically, following the same way as demonstrated with the proof of The-
orem 3, we can prove that the curve version of Algorithm 1 outputs a closed
{1+ 4k - [r(e) + €3]/ L}-approximation path. Thus, Algorithm 3 defines a closed
{144k - [r(e) + £2]/L}-approximation path to the step set (so, s1,...,Sk—1,S0),
but we will not provide the proof here due to given similarities and available
space. Theorem 5 indicates that Algorithm 3 outputs an approximate local min-
imal solution to the WRP, then we have the following

Theorem 6. Algorithm 3 outputs an {1 + 4k - [r(e) + e2]/L}-approximation
solution to the WRP.

Proof. By Observation 7,

k1 k-1
> Lu(pipir1): [[Ci—R
i=0 =0

is a convex function, where
L (pi, pit1)

is defined as in Step 2 of Algorithm 3. By Proposition 5 and Theorem 5, we have
proved the theorem. a

Regarding the time complexity of our solution to the WRP, we first state
two observations (where proofs are mathematically very trivial and are skipped
here for this reason);

Observation 8 Procedure 1 can be computed in time O(|V (0IT)|).

Observation 9 Procedure 2 can be computed in time O(|V (0IT)|).
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Furthermore, note that the main computation is in the two stacked loops. The
while-loop takes k(e) iterations. By Observation 9, the for-loop can be computed
in time O(k - |V(0II)]). Thus,

Observation 10 Algorithm 3 can be computed in time k() - O(k - [V (0I))).

By Lemma 1, Theorem 2, and Observation 10, we have the following

Theorem 7. This paper provided an {1+ 4k - [r(¢) + €3]/ L}-approzimation so-
lution to the WRP, having time complexity k() - O(k|V(OII)|), where k is the
number of essential cuts, and L is the length of an optimal watchman route.

6 Solving the Safari Route Problem

6.1 The Algorithm

In this subsection, we describe an algorithm for solving the SRP. It is modi-
fied from Algorithm 3. All modifications are underlined. We start presenting a
procedure frequently used by the algorithm.

Procedure 3 Handling of Three Polygons

Input: A degeneration accuracy constant e > 0 and a constant €3 > e5; four
polygons Py, Py, Py and II satisfy the SRP condition; e3-polygon of Ps, denoted
by Py; three points p; € OP;, wherei = 1, 2, 3.

Output: An updated shorter path p(p1,...,ps,...,ps), which might also contain
vertices of the polygon II.

1: For both i € {1,2}, let {p;, pit1} (where p; € OP;) be the input for the 2D
ESP algorithm; the output is a sequence of vertices Vj;11 of pir(pi, pi+1). Let
V be Vis U Vas.

2: Find q1 = prr(p1,p2) N OPs; and g3 = prr(p2,p3) N P (see Figure 15).

3: Let e be the edge of P, such that e is contained on the boundary of IT; €’ €’s
corresponding edge in Pj. Let u and v (v’ and v") be the two endpoints of e
(¢’) (see Figure 15). Let u” (v”) be a point in the line segment uu’ (vv’) such
that de(u”,u) = €2 (de(v”,v) = €2) (see Figure 15). If ¢; or g3 is located on
segment uu’ or vv”, then reset it to be u” or v”.

4: If g1g3 N P4 # 0, then let ply be the point in segment g1g3 N P} such that

de(qlap/Q) = min{de(qlap/) :p/ € q1q3 N PQI}

Otherwise, find vertex py € P5 (see Figure 15) such that

de(q1,p5) + de(phy, q3) = min{de(q1,p") + de(p', g3) : P € OP;}

5: Update V by letting py = p.
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Fig. 15. Illustration for Procedure 3.

Algorithm 4 Main Algorithm for Solving the SRP

Input: A degeneration accuracy constant eo > 0 and a constant 3 > €9; k convex
polygons Py, P, ..., Py_1, and II, which satisfy the condition of the SRP, and
points p; € OF;, wherei =0, 1, 2, ..., k — 1.

Output: An updated closed {1 + 4k - [r(e) + 2]/ L}-approzimation path (i.e., the

“route”) p(po,---,P1,- - Pk—1), which may also contain vertices of polygon II.

1: For eachi € {0,1,...,k — 1}, let p; be a point in IP;.

2: Let Vo = V = (9o, p1,- - pre1); L1 = 3020 Lir(pi, pig1); and Lo = 0.

3: while L; — Ly > ¢ do

4: for eachi € {0,1,...,k—1} do

5: Let P;_1, P;, P;y1, pi—1, Pi, Pi+1 and IT be the input for Procedure 3,
which updates p; in Vj.

6: Let U; be the sequence of vertices of the path p(pi—1,...,Pi, -, Dit1)
with respect to P;,_1, P; and P;1; (inside of IT); let U; = (g1, 92, - - - s @m,)-

7 Insert (after p;—1) the points of sequence U; (in the given order) into

Vo; that means, we have that

‘/1 = <p0ap17"'7pi—1aq1aq27"' an7pi+1a"'7pk—1>

(note: sequence V; is the updated sequence Vj, after inserting U;)
end for
Let Lo = Ly and Vj = V (note: we use the updated original sequence V/
instead of V; for the next iteration).
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Fig. 16. Illustration for the proof of Observation 11.

10:  Calculate the perimeter Ly of the polygon, given by the sequence V; of
vertices.

11: end while

12: Output sequence V7, and the desired length equals to L.

6.2 Correctness and Time Complexity

Let g1g2 be a line segment. Let p; and ps be two points outside of ¢gi1q2 and
de(p1,q1) + de(p2,q1) = de(p1,q2) + de(p2,q2). Let p be a point on the straight
line which contains segment ¢1¢2, denoted by I, ,, such that

de(p1,p) + de(p2,p) = min{de(p1, q) + de(p2,q) : ¢ € lgiq5}

(see Figure 16)
Then we have the following

Observation 11 p is in between q1 and qs.

Proof. Without loss of generality, suppose that g1 ¢, is parallel to the z-axis. Let
the coordinates of p; be (a;, b;, ¢;), where i = 1, 2. Let p = (x,b, ¢) be a point on
the line Iy, 4,. Then,

de(pi,p) = V(= a:)® + (b= b:)% + (c — ¢;)?
for i =1,2. Let f(z) = de(p1,p) + de(p2,p). Then we have that

V(@ —a1)2+ (b—0b1)2 + (c— 61)2+\/($ —a2)2 4+ (b—12)2 + (¢ — ¢2)?

By setting f’(x) = 0, we can find a unique critical point z, of function f(z);
that means, the coordinates of p are equal to (zp,b,c). Let the coordinates of
g; be equal to (ag,,b,c), where ¢ = 1, 2. Since x,, is the unique critical point of
the function f(z), it follows that f(x) is decreasing in the interval (—oo, z,) and
increasing in the interval (z,, c0). Because

f'(z) =

de(p1,q1) + de(P2, 1) = de(p1,92) + de(p2, g2)
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Fig. 17. Illustration for the proof of Observation 12.

implies f(aq,) = f(aq,), we have that a4, € (—o00,x,) and a,, € (zp,00). Thus,
xp, is located between aq, and ag4,. This proves the observation. O

Let P be a convex region; 0P the boundary of P; p; and ps two points outside
of P such that P N pips = (), where pip, is the straight line passing through
points p; and ps. Then we have the following

Observation 12 There is a unique point q in OP such that
de(p1,q) + de(p2,q) = min{de(p1,q) + de(p2,q) : ¢ € P}

Proof. If p is a point in P such that
de(p1,p) + de(p2,p) = min{de(p1, q) + de(p2,q) : ¢ € P} (8)

Then p must be located on dP. Otherwise, there exists a point p’ in Appips N
OP such that

de(p1,0") + de(p2,p") < de(p1,p) + de(p2,p)

This is a contradiction to Equation (8) (see Figure 17).
Suppose that there exist two points ¢; in P such that

de(p1,¢i) + de(p2, ¢;) = min{de(p1, q) + de(p2,q) : ¢ € P}

where ¢ = 1, 2. By Observation 11, there exists a point p in between ¢; and go
such that

de(p1,p) + de(p2,p) < min{de(p1,q) + de(p2,q) : ¢ € P} 9)

As P is a convex region, and ¢i, g2 are in P, p must be in P \ dP. Then there
exists a point p’ in Appips N OP such that

de(p1,p") + de(p2,p') < de(p1,p) + de(p2,p)
By Inequality (9), we have that

de(p1,p") + de(p2,p’) < min{dec(p1,q) + de(p2,q) : g € P}

This is a contradiction. O
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Theorem 8. Algorithm 4 outputs an {1 + 4k - [r(e) + e2]/L}-approzimation
solution to the SRP.

Proof. Algorithm 4 defines a function f mapping from Hi:ol O0P; to R. Analogous
to the proof of Observation 5, the total values of f are finite. By Observation 12,
f is a continuous function. Thus, f must be a singleton. By Lemma 2, this proves
the theorem. O

Regarding the time complexity of our solution to the SRP, note that the main
computation is in the two stacked loops. The while-loop takes k(e) iterations.
Procedure 3 can be computed in time O(|V(9I)| + |[V(9F;)]). So the for-loop

can be computed in time O(k - [V (IT)| + Y-F) [V(OP,)]). Thus,

Observation 13 Algorithm 4 can be computed in time

w(e) - Ok - [V(OI)| + i |V (D))
By Lemma 2, Theorem 8, and Observation 13, we have the following

Theorem 9. This paper provided an {1 + 4k - [r(€) + €3]/ L}-approzimation so-
lution to the SRP, having time complexity k(e) - O(k|V (01I)| + Zi:ol [V (OF;)|),
where k is the number of convexr polygons, and L is the length of an optimal
safari Toute.

7 Solving the Zookeeper Route Problem

In this section, we modify the algorithms and theorems in Section 6 for solving
the ZRP. All modifications are underlined.

7.1 The Algorithm

Procedure 4 Handling of Three Polygons

Input: A degeneration accuracy constant €5 > 0 and a constant €5 > e5; four
polygons Py, Py, P3 and Il satisfy the ZRP condition; e3-polygon of Ps, denoted
by Pj; three ZRP pair (piy, pi,) € OF;, wherei = 1, 2, 3.

Output: An updated shorter path p(p1y, ..., Diny -« 3Dy v« 3D2s vy P3rse--sD3)s
which might also contain vertices of the polygon II.

1: For both ¢ € {1,2}, let {pi,,pi+1, } (Where p;, € OP;, pit1, € OP;11) be the
input for the 2D ESP algorithm; the output is a sequence of vertices Vj;11
of prps (pigapi+11)- Let V be Vis U Vas.

2: Find q1 = pr (P15, p2,) N OPs; and g3 = prr(pa,, ps, ) N OP; (see Figure 18).

3: Let e be the edge of P, such that e is contained on the boundary of IT; €’ €’s
corresponding edge in Pj. Let u and v (v’ and v’) be the two endpoints of e
(¢’) (see Figure 18). Let v (v”) be a point in the line segment uu’ (vv’) such
that de(u”,u) = e (d.(v"”,v) = e2) (see Figure 18). If ¢; or g3 is located on
segment uu' or vv”’, then reset it to be u” or v”.
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Figl. 18. Tllustration for Procedure 4, where p; = ps; = pi, (i = 1, 2, 3), and py = p3,
= P2,-

4: If qig3 N Py # 0, then apply the tangent algorithm to find two points pj ,
Py, € OP, such that qiph, (gaph,) is a tangent to P, and pj , p5, are ordered
anti-clockwise around 0P;.

Otherwise, find vertex py € 9P5 (see Figure 18) such that

de(qr,15) + de(ph, g3) = min{de(q1,p") + de(p', q3) : Py € OP5}

let p5, and p, be ph.
5: Update V' by letting (p2,, p2,) = (Ph,, Pb,)-

Algorithm 5 Main Algorithm for Solving the ZRP

Input: A degeneration accuracy constant ea > 0 and a constant €3 > e9; k conver
polygons Py, Py, ..., Py_1, and II, which satisfy the condition of the ZRP, and
ZRP pair (pi,, pi,) € OP;, wherei =0, 1, 2, ..., k—1.

Output: An updated closed {1 + 4k - [r(e) + 2]/ L}-approzimation path (i.e., the
“route”) p(Poys---sP0gs -+ sPlys---2DPlas---sDhm1ys---»Phim1,)s Which may also con-
tain vertices of polygon I1.

1: For each i € {0,1,...,k — 1}, let (p;,, pi,) be a ZRP pair in OP;.
2: Let VO =V = <p017"'7p027"'7p117"'7p127"'7pk’—117"'7pk—12>;
k—1
Ly =%y Lu(pi,,pit+1,); and Ly = 0.
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3: while L; — Ly > ¢ do
4: foreachi € {0,1,...,k—1} do

5: Let Pi_1, P, Piy1, (pi1,, Pi—1,)s (Piys Pin)s (Pig1,, Pit1,) and IT be the
input for Procedure 4, which updates (p;,, pi,) in V.
6: Let U; be the sequence of vertices of the path

P(Diciys e s Dimlgy-v s Pits vy Digse -y Ditlys- -, Pit1,) With respect to
Pi—h Pi and Pi+1 (inside of H), let Uz = <ql, qo, ... 7qm>.

7 Insert (after p;_1,) the points of sequence U; (in the given order) into
Vo; that means, we have that

Vl = <p017"'7p027"'7p117"',p127'"7pi7115"'7pi712a

41,492, - - 4m,

Dit1ys-+-sPitlgy - s Pk—1q5- - 7pk—12>

(note: sequence V; is the updated sequence Vj, after inserting U;)

8: end for

9:  Let Lo = Ly and Vo = V (note: we use the updated original sequence V'
instead of V] for the next iteration).

10:  Calculate the perimeter Ly of the polygon, given by the sequence V; of
vertices.

11: end while

12: Output sequence V7, and the desired length equals to L.

7.2 Correctness and Time Complexity
Analogous to the proof of Theorem 8, we can prove that

Theorem 10. Algorithm 5 outputs an {1 + 4k - [r(e) + €3]/ L}-approzimation
solution to the ZRP.

And analogous to the proof of Theorem 9, we can prove that
Theorem 11. This paper provided an {1+4k-[r(e)+¢e2]/L}-approzimation solu-
tion to the ZRP, having time complezity k(e) - O(k(|V (OII)| + Zi:ol [V(9P)])),
where k is the number of convexr polygons, and L is the length of an optimal
zookeeper route.

8 Some Generalization

So far, almost all algorithms for solving various Euclidean shortest path problems
(ESP) only consider the environment containing geometric objects which have
straight edges. For example, the obstacles of ESP are modeled by polygons in 2D;
polyhedrons in 3D; and the surface of polyhedrons in 2.5D [37]. The obstacles
with smooth surfaces started becoming interesting in computational geometry
[38]. In this section, we discuss some generalization of the SRP and ZRP, where
each convex polygon is replaced by a simple region.
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Fig. 19. An example of touring a sequence of ellipses.

8.1 Touring Ellipses Problem

In the SRP, if the simple polygon I is removed and all convex polygons P;s are
replaced by simple polygons, then such refined SRP is known as touring polygons
problem (TPP) which was discussed in [22]. In this subsection, we refine the
SRP such that the simple polygon II is removed and all convex polygons P;s
are replaced by ellipses (see Figure 19). We call such problem touring ellipses
problem (TEP). Let E;s be pairwise disjoint ellipses, where ¢ = 0,1,...,k — 1;
E? the interior of E;; OF; the boundary of E;.

Calculate a shortest route p such that p wvisits each ellipse E; at a point p;
on OF; (the boundary of E;), allowing that straight segments p;p;+1 (mod k)
intersect EY in one or several segments, fori=0,1,...,k— 1.

We describe the following algorithm for solving the TEP. It is modified from
Algorithm 1.

Algorithm 6 for Solving the TEP

Input: A sequence of k pairwise disjoint ellipses Fy, E1, ..., Ex_1 and an accu-
racy constant € > 0.

Output: A sequence (po,p1,p2,---,Pk—1,P0) of an [14+4(k+1)r(e)/L]-approzimation
path which starts at pg, then visits (i.e., passes through) OE; at p; in the given
order, and finally ends at pg.

1: For each i € {0,1,...,k — 1}, let p; be a point in OE;.
2: Calculate Ly = Y% do(pi, pit1); and let Lo be 0.
3: while Iy — Ly > ¢ do
4: foreachi € {0,1,...,k—1} do
5: Compute a point ¢; € JF; such that
de(Pi-1,Gi) + de(qi, piy1) = min{de(pi—1,p) + de(p, piv1) : p € OF;}
6: Update the path (po,p1,p2,--.,Pk—1) by replacing p; by g¢;.
7:  end for
8: Let Lo = L1 and calculate L = Zf;ol de(DisDit1)-
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9: end while
10: Return (po, p1,p2, .-, Pk—1,P0)-

The optimal point ¢; in Step 5 can be computed as follows: Each point p on
OF; can be expressed as (x(t),y(t)), where x(t) = x. + acostcosf — bsintsin 6
and y(t) = y. + acostsinf + bsintcosf, the parameter t varies from 0 to 2,
(¢, ye) is the center of the ellipse E;, a and b are one-half of E;’s major and
minor axes respectively, and 6 is the angle between the X-axis and the major
axis of F;. Therefore, the coordinates of p have the form

(aj cost + by sint 4 ¢y, ag cost + by sint + ¢3)

where t € [0, 27], a;, b; and ¢; (i = 1, 2) are functions of z., y., a, b, and 6. Let
pi—1 = (z1,91), Pit1 = (z2,y2). The optimal point ¢; is decided by an optimal
value of ¢ which is a solution of the following equation

0de(pi—1,p) + de(p, Pit1)
ot

=0

Replace p, p;—1 and p;41 by their coordinates in this equation, and by The
Distance Formula, we obtain the following equation for deciding the optimal ¢:

hE

(Ajsinjt + Bjcosjt) + Ag =0 (10)

j=1

where A;, B; (j =1, 2, ..., 6) and Ay are functions of z., y., a, b, 1, y1, T2,
and y,. Equation (10) can be rewritten as:

12 )
> Cial =0 (11)

j=0

where z = tan%, C; ( =1,2, ... 12) are functions of z., Y., a, b, z1, Y1, T2,
and ys.

Equation (11) can be solved in time O(1) using a QR Algorithm [58]. Thus,
analogous to the analysis in Section 4.4, and the proof of Theorem 8, we have
that

Theorem 12. Algorithm 6 outputs an {1+4k-[r(¢)]/L}-approzimation solution
to the TEP in time r(£)O(k).

8.2 The General SRP and ZRP

In the SRP (ZRP), if each convex is replaced by a simple region, then we say
such problem is the general SRP (ZRP). For example, Figure (20) (Figure (21))
shows an initial route of the general SRP (ZRP). It is clear that Algorithm 4
(Algorithm 5) can be modified to solve such SRP (ZRP) with the same time
complexity.
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Fig. 20. An example of the general SRP.

Fig. 21. An example of the general ZRP.
9 Concluding Remarks

In this paper, we have recalled the basic idea of the first RBA, which was pro-
posed in digital geometry [9, 30]. We refined this useful idea such that it becomes
a simple “arc” version of an RBA; see Algorithm 1. In particular, a contribution
in this paper is the provided simple and efficient way for solving a system formed
by partial differential Equations (5). Algorithm 1 runs in time x(¢) - O(k), while
the solution proposed by [46] has a time complexity which is doubly exponential
in k. Another contribution in this paper is that the basic idea of a RBA can
be generalized to establish a whole class of rubberband algorithms (RBAs) for
solving various Euclidean shortest path problems. The main algorithm of this
paper (Algorithm 3) is just an example for such RBAs. It is not only significantly
faster but also significantly simpler, easier to understand and to implement than
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already published algorithms for solving the WRP, SRP and ZRP. Finally, we
are the first to provide algorithms for solving more general SRP and ZRP where
all convex polygons are replaced by simple regions such as convex polybeziers or
ellipses.
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