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Abstract. This report proposes an adaptive mean shift clustering algo-
rithm. Its application is demonstrated for simulated data, by finding old
clusters which are highly overlapping. The obtained clustering result is
actually close to an estimated upper bound, derived for those simulated
data elsewhere.
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1 Introduction

The term cluster analysis was coined in [6] in 1954. There are books about
clustering, such as [2, 10, 16, 31], published in the 1970s, [20, 29, 32] published
in the 1980s, and [3, 12] from the 1990s. Cluster analysis was also surveyed
or reviewed in a number of papers; see, for example, [9, 13, 19, 21, 22]. For a
comparisons of various clustering algorithms, see [1, 25, 28]. Examples of recent
(after the year 2000) publications or PhD theses on clustering are [4, 5, 7, 8, 14,
24, 33–36]. Altogether, there are hundreds of clustering algorithms proposed in
the literature; for lists of examples, see page 5 in [22], page 13 in [24] or page
130 in [30]. This all illustrates that clustering problems are very important, and
often also difficult to solve.

Clustering not only interests scientists in computing but also, for example,
astronomers [11, 17, 23]: Given is an observed set of stars (considered to be a set
of points); how to find (recover) clusters which are the contributing galaxies to
the observed union of those clusters?

This report discusses clustering at a general level. We illustrate by using one
(fairly complex) data set of simulated astronomical data. 3 Clusters in those data
are typically characterized by being highly overlapping. Obviously, the recovery
of highly overlapping data is difficult, if not even (nearly) impossible.

Currently published cluster algorithms (see, for example, [34]) work neither
efficiently nor correctly on such data, and upper bounds for recovery rates would
allow to identify realistic goals. See [26] for the definition of recovery rate as used
in this report, and [27] for the estimation of a best possible upper bound for this

3 See www.astro.rug.nl/~ahelmi/simulations_gaia.tar.gz and Section 4.1 in [27].
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recovery rate, illustrated there for the same simulated astronomical data example
as also used in this report.

This report proposes a variant of adaptive mean shift clustering, and we
illustrate it for finding old clusters in the mentioned simulated data. We compute
the recovery rate of our proposed algorithm; we show that this is close to the
estimated lowest possible upper bound in [27] of recovery rates for the used
example of simulated data.

The rest of this report is organized as follows: Section 2 reviews an adap-
tive mean shift procedure and a locality-sensitive hashing method. Section 3
reviews a fast adaptive mean shift algorithm and describes our main algorithm
which is applied to the specified example of simulated astronomical data, with
experimental results in Section 4. Section 5 concludes the report.

2 Preliminaries

This section reviews the kernel density estimator and adaptive mean shift proce-
dure. The first is a mathematical basis of the latter, which is the basic principle
of adaptive mean shift-based clustering.

2.1 The Kernel Density Estimator

The basic idea of a kernel density estimator is a mathematical principle, imple-
mented by Procedure 1 in Subsection 2.2. To prepare for this, we recall some
definitions from [30]. We consider the kernel estimator in R1. Let X be a ran-
dom variable. Let Xi, where i = 1, 2, . . ., n, be n observations of X. We want
to estimate the density of X. Let f be the density of X, and f̂ an estimator of
f . A bin is an interval [a, b). b− a is called the width of bin [a, b). Let O = (0, 0)
be the origin, and [mh, (m+ 1)h) are some bins of constant width h, for integers
m. The histogram is defined as follows,

f̂(x) =
1

nh
× ni

where ni is the number of Xis in the same bin as x.
The histogram is the oldest and most frequently used density estimator. But

it comes with drawbacks. For example, the histogram is not continuous (thus,
it does not have derivatives); it depends on the position of the origin; and a
technique based on histograms is difficult to generalize to the multivariate case.

The naive estimator is a generalization of the histogram technique. Since f
is the density function of X, we have

f(x) = lim
h→0

1
2h
× P (X ∈ (x− h, x + h)) (1)

where P (X ∈ (x − h, x + h)) is the probability of X falling into (x − h, x + h).
The naive estimator is defined as follows:

f̂(x) =
1

2nh
× n′i (2)
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where n′i is the number of Xis falling into (x− h, x + h).
If x is the center of a bin of the current histogram, then Equation (2) will be

equal to Equation (1). Therefore, the naive estimator is a generalization of the
histogram technique. Equation (2) can also be written as

f̂(x) =
1

nh

n∑
i=1

w(
x−Xi

h
) (3)

where w is defined as

w(x) =
{

1/2 if x ∈ (−1, 1)
0 otherwise (4)

The naive estimator “inherits” some drawbacks of the histogram technique.
For example, it is not continuous: it “jumps” at points Xi ± h and has a zero
derivative for each x 6= Xi ± h.

The naive estimator can be further generalized to a kernel estimator: Replace
function w in Equation (3) by a function K; we obtain

f̂(x) =
1

nh

n∑
i=1

K(
x−Xi

h
) (5)

where K is requested to satisfy the following condition∫ ∞
−∞

K(x)dx = 1 (6)

because K(x) is a density function.
If K has a derivative, for each x ∈ (−∞, +∞), then [by Equation (5)] so

does the kernel estimator. For example, let K be the normal density function, to
construct a kernel estimator which has a derivative for each x ∈ (−∞, +∞). In
Equation (5), h is called the window width (smoothing parameter, or bandwidth);
K is called the kernel function.

Analogously, we can define the kernel estimator in Rd:

f̂(x) =
1

nhd

n∑
i=1

K(
x−Xi

h
) (7)

where K satisfies the following condition∫
Rd

K(x)dx = 1 (8)

In summary, the kernel estimator is an estimator of the density function of a
random variable, represented by a sum of some simple kernel functions such that
the estimator has “good” mathematical properties such as being differentiable,
symmetric, and so forth.
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2.2 Adaptive Mean Shift Procedure

This subsection explains the principle of adaptive mean shift-based clustering,
meaning that the data points always move to local density maxima.

We review some results of [8]. Let k(x) be a symmetric univariate kernel
function, where x ∈ (−∞, +∞). We can construct a dD kernel function from
k(x) as follows:

K(x) = ck,dk(‖x‖2) (9)

where

ck,d =

∫
Rd K(x)dx∫

Rd k(‖x‖2)dx
=

1∫
Rd k(‖x‖2)dx

> 0

Function k(x), where x ∈ [0, +∞), is called the profile of kernel K(x).
By Equation (9), the kernel density estimator [see Equation (7)] can be

rewritten as follows:

f̂h,K(x) =
ck,d

nhd

n∑
i=1

k(‖x−Xi

h
‖
2

) (10)

Suppose that k(x) is differentiable in [0, +∞), except for a finite number of
points. Let

g(x) = −k′(x)

where x ∈ [0, +∞), except for a finite number of points.
Construct a kernel function from g(x) as follows:

G(x) = cg,dg(‖x‖2)

where

cg,d =

∫
Rd G(x)dx∫

Rd g(‖x‖2)dx
=

1∫
Rd g(‖x‖2)dx

> 0

Denote the gradient of the density estimator of f̂h,K(x) by 5f̂h,K(x). Fur-
thermore [see [8] for the details], let

mh,G(x) =
1
2
h2 cg,d

ck,d
× 5f̂h,K(x)

f̂h,G(x)
(11)

where

mh,G(x) =
∑n

i=1 xig(‖x−Xi

h ‖2)∑n
i=1 g(‖x−Xi

h ‖2)
− x (12)

Equation (12) is the difference between the weighted mean and x, known
as mean shift vector. Since the gradient of the density estimator always points
towards that direction in which the density rises most quickly, by Equation (12),
the mean shift vector always points towards the direction in which the density
rises most quickly. This is the main principle of mean shift-based clustering.
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[7] generalized Equation (7) such that each data point xi is associated with
a bandwidth value hi, where i = 1, 2, . . ., n:

f̂K(x) =
ck,d

n

n∑
i=1

1
hd

i

k(‖x−Xi

hi
‖
2

) (13)

Consequently, Equation (12) was generalized to

mG(x) =

∑n
i=1

1

hd+2
i

xig(‖x−Xi

hi
‖2)∑n

i=1
1

hd+2
i

g(‖x−Xi

hi
‖2)

− x (14)

which is called the adaptive mean shift vector. Analogously, the adaptive mean
shift vector also always points towards the direction in which the density rises
most quickly, which is called the mean shift property. This is the basic principle
of adaptive mean shift-based clustering. – ‖ · ‖1 is the L1 norm.

Procedure 1 Adaptive Mean Shift Procedure
Input: A positive integer k, n data points xi, where i = 1, 2, . . ., n, one of the
data points, y1, and a total number N of iterations.
Output: An approximate local maximum ( mode) of the density.

1: hi = ‖xi − xi,k‖1, where xi,k is the k-nearest neighbor of xi

2: j = 1
3: while j < N do
4:

y2 =

∑n
i=1

1

hd+2
i

xig(‖y1−Xi

hi
‖2)∑n

i=1
1

hd+2
i

g(‖y1−Xi

hi
‖2)

(15)

5: y1 = y2

6: j = j + 1
7: end while
8: Output y2

If hi is fixed in Procedure 1, then this is called the Mean Shift Procedure,
implementing the main principle of mean shift-based clustering.

2.3 Locality-Sensitive Hashing

The main computation of the adaptive mean shift procedure is in Step 4 [Equa-
tion (15)] which has time complexity O (n2dN), where n is the number of input
points, d the dimension of the input points, and N the number of iterations [14].
An efficient approximate computation of Step 4 can be achieved by solving the
problem of nearest neighbor search [15]: Consider points xi which are nearest
to y1 to test whether the kernel of xi “covers” y1. In other words, we have
that g(‖y1−Xi

hi
‖2) 6= 0 in Equation (15). Also, by Equations (3) and (4), we can
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see that, the larger the distance between point x and Xi, the more likely that
the value of w(x) equals 0. [14] applied an approximate nearest neighbor search
technique called locality-sensitive hashing (LSH) (see [15] and [18]) to efficiently
improve the neighborhood queries.

The main ideas of LSH are represented by the following two procedures.
Procedure 2 is used to partition the given data points into K/d + 1 regions such
that the points in each region have the same KD boolean vector. It is applied
in Steps 2 and 5 of the Locality-Sensitive Hashing procedure (Procedure 3).

Procedure 2 KD(i.e., K-dimensional) Boolean Vector
Input: A positive integer K, n data points xi, where i = 1, 2, . . ., n, and a point
q = (q1, q2, . . . , qn).
Output: A KD boolean vector, denoted by (b1, b2, . . . , bK).

1: i = 1
2: Randomly take an integer dk ∈ {1, 2, . . . , d}
3: Randomly take a real number vk ∈ [minxdk

, maxxdk
], where

minxdk
= min{xidk

: xidk
is dk − th coordinate of xi ∧ i ∈ {1, 2, . . . , n}}

maxxdk
= max{xidk

: xidk
is dk − th coordinate of xi ∧ i ∈ {1, 2, . . . , n}}

4: if qdk
≤ vk then

5: bi = true
6: else
7: bi = false
8: end if
9: if i < K then

10: i = i + 1 and goto Step 1
11: end if
12: Output (b1, b2, . . . , bK)

Procedure 3 Locality-Sensitive Hashing
Input: Two positive integers K and L, n data points xi, where i = 1, 2, . . ., n,
and a query point q = (q1, q2, . . . , qn).
Output: Union (i.e., set) of points in an approximate neighborhood of q.

1: for l ∈ {1, 2, . . . , L} do
2: Apply Procedure 2 to compute a KD vector for q, denoted by vq.
3: Cl = ∅
4: for i ∈ {1, 2, . . . , n} do
5: Apply Procedure 2 to compute a KD vector for xi, denoted by vxi

6: if vq = vxi
then

7: Cl = Cl ∪ {xi}
8: end if
9: end for

10: end for
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11: Output ∪L
l=1Cl

Cl in this Procedure 3 may be implemented by a hash table. 4 – For a given
K, the larger the value of L, the larger the set of points in an approximate
neighborhood of q. Thus, for a given radius h, there exists an optimal L such
that Procedure 3 outputs an optimal approximate neighborhood of q with radius
h. If L is larger than the optimal value, Procedure 3 will run for more time but
will not improve the output. [14] presented a learning method to select optimal
values of K and L.

3 Algorithm

Based on a locality-sensitive hashing technique, [14] derived a fast adaptive mean
shift-based clustering algorithm (Algorithm 1) which is applied in Step 3 of our
main algorithm below.

Algorithm 1 Fast Adaptive Mean Shift [14]
Input: A positive integer k, n data point xi, where i = 1, 2, . . ., n, one of the
data points, y1, and a total number N of iterations.
Output: An approximate local maximum ( mode) of the density.

1: We use a subset of the input data for learning. {For selecting optimal values
of K and L, see [14].}

2: hi = ‖xi − xi,k‖1, where xi,k is the k-nearest neighbor of xi

3: j = 1
4: while j < N do
5: Let K, L, n data points xi and y1 be the input for Procedure 3; compute

an approximate neighbor of y1 with radius hi, denoted by Uy1 . Let

y2 =

∑
xi∈Uy1

1

hd+2
i

xig(‖y1−Xi

hi
‖2)∑

xi∈Uy1

1

hd+2
i

g(‖y1−Xi

hi
‖2)

(16)

6: y1 = y2

7: j = j + 1
8: end while
9: Output y2

The main difference between Algorithm 1 and Procedure 1 is defined by
Equations 16 and Equations 15, having the impact that Algorithm 1 is faster
(however, also “more approximate” only).

Algorithm 2 Our Main Algorithm
Input: Three positive integers k, N (number of iterations) and T (threshold of
the number of merged points to apply one of the traditional clustering algorithms,

4 See C++ source code at //www.caip.rutgers.edu/riul.
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such as kmeans or clusterdata implemented in MATLAB ), n old clusters Ci,
where i = 1, 2, . . ., n.
Output: m new clusters Gi, where i = 1, 2, . . ., m.

1: C = ∪n
i=1Ci and S = ∅

2: for For each x ∈ C do
3: Let k, C, x and N be the input for Algorithm 1; compute an approximate

local maximum of the density, denoted by x′.
4: S = S ∪ {x′}
5: end for
6: Sort S according to lexicographic order.
7: Merge duplicated points in S into a single point. Denote the resulting set

by S′. {Note that each point x′ ∈ S′ can be associated with a set, called
associated set of x′, denoted by S′x′ , to store the original points in C such
that they are mapped, using Equation (16), to the same point x′.}

8: if |S′| > T then
9: C = S′ and goto Step 2

10: end if
11: Sort S′ according to the cardinalities of associated sets of points in S′.
12: Let the last m points in S′ be the initial centers, apply kmeans to cluster

S′; resulting (new) clusters are denoted by G′i, where i = 1, 2, . . ., m.
13: for For each i ∈ {1, 2, . . . ,m} do
14: Output

Gi = (∪x′∈G′
i
S′x′) ∪ {x′}

15: end for
In Step 12 of Algorithm 2, we may replace kmeans by clusterdata. Step 11

becomes unnecessary in this case.

4 Experimental Results

Table 1 lists approximate recovery rates and pseudo recovery rates (as defined in
[26]) of Algorithm 2 when applied to the previously specified sample of synthetic
data (analyzed in [27] with respect to the best possible upper bound for the
recovery rate). In this table, k is one of the input parameters of Algorithm 2;
K and L are optimal parameters obtained in Step 1 of Algorithm 1 which is
applied in Step 3 of Algorithm 2. For the used data example we used T = 800 in
Algorithm 2. All the experiments have at most two iterations (i.e., N ≤ 2). ki,
ci and pi are short for the approximate recovery rates of kmeans, clusterdata,
and the pseudo recovery rates at iteration i, where i = 1, 2.

Table 1 shows that Algorithm 2 produces the best recovery rate if k = 30.
Table 2 shows approximate recovery rates and pseudo recovery rates of Al-

gorithm 2 for k = 30, K = 30, and L = 5. For the selected example of input
data, we used T = 800 in Algorithm 2. All the experiments have at most two
iterations (i.e., N ≤ 2). ki, ci and pi are short for the approximate recovery rates
of kmeans, clusterdata, and pseudo recovery rates at iteration i, for i = 1, 2.
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Table 1. Approximate recovery rates and pseudo recovery rates of Algorithm 2 for the
used example of simulated astronomical data and different values of k.

k K L (k1, p1)(%) (k2, p2)(%) (c1, p1)(%) (c2, p2)(%)

5 28 2 (29.02, 93.94) (23.66, 93.94) (23.15, 69.70) (18.19, 78.79)

6 27 2 (26.49, 93.94) (18.47, 60.61)

7 30 3 (26.49, 93.94) (30.02, 90.91) (19.47, 60.61) (30.69, 84.85)

8 30 3 (26.49, 93.94) (30.02, 93.94) (19.47, 60.61) (30.69, 84.85)

9 30 3 (28.67, 93.94) (33.71, 90.91) (20.71, 57.58) (26.75, 78.79)

10 30 3 (27.43, 90.91) (35.16, 81.82) (22.56, 63.64) (35.32, 84.85)

11 30 3 (27.25, 87.88) (33.77, 84.85) (18.51, 60.61) (30.25, 75.76)

12 28 3 (28.55, 93.94) (34.22, 87.88) (21.20, 69.70) (32.04, 81.82)

13 28 3 (28.55, 93.94) (34.22, 87.88) (21.20, 69.70) (32.04, 81.82)

14 28 3 (28.55, 93.94) (21.20, 69.70)

15 28 3 (28.79, 90.91) (34.87, 81.82) (25.39, 66.67) (33.68, 75.76)

16 30 3 (27.21, 84.85) (29.98, 87.88) (22.03, 63.64) (26.00, 75.76)

17 28 3 (27.74, 93.94) (24.05, 66.67)

18 28 3 (30.43, 93.94) (24.64, 69.70)

20 27 4 (28.50, 93.94) (31.82, 78.79) (24.84, 75.76) (32.53, 78.79)

25 29 3 (27.47, 84.85) (27.85, 75.76) (15.89, 60.61) (28.54, 75.76)

30 30 5 (26.30, 81.82) (37.84, 93.94) (14.95, 54.55) (31.28, 81.82)

40 26 5 (26.30, 81.82) (14.95, 54.55)

50 25 4 (29.66, 96.97) (28.73, 69.70)

70 28 7 (30.31, 93.94) (26.42, 69.70)

90 29 7 (28.41, 93.94) (24.80, 66.67)

110 22 6 (28.67, 81.82) (28.13, 72.73)

130 28 8 (24.94, 81.82) (28.84, 6970)

150 27 9 (26.59, 93.94) (26.72, 69.70)

Table 2 shows that Algorithm 2 even ensures a mean recovery rate of 35.45%
(using kmeans) or of 35.73% (using clusterdata).

The best possible upper bound, estimated in Subsection 4.2 in [27] for this
data set, is between 39.68% and 44.71%. This allows to conclude that the ob-
tained mean recovery rate is a “fairly good result”.

5 Conclusion

We proposed a variant of adaptive mean shift clustering. Its efficiency was illus-
trated by applying it for the recovery of old clusters of a fairly complex set of
simulated data. The obtained recovery rate is close to the estimated best possible
upper bound of recovery rates for this data set, as reported in [27].

Acknowledgement: This research is part of the project “Astrovis”, research
program STARE (STAR E-Science), funded by the Dutch National Science Foun-
dation (NWO), project no. 643.200.501. The first author thanks project members
for valuable comments on an earlier draft of this report.
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Table 2. Approximate recovery rates and pseudo recovery rates of Algorithm 2 for the
used example of simulated astronomical data and k = 30.

j-th run (k1%, p1%) (k2%, p2%) (c1%, p1%) (c2%, p2%)

1 (28.01, 96.97) (38.94, 81.82) (19.19, 63.64) (39.59, 75.76)

2 (27.66, 90.91) (38.25, 81.82) (15.82, 60.61) (39.27, 78.79)

3 (26.74, 90.91) (33.71, 84.85) (16.84, 57.58) (35.82, 81.82)

4 (26.18, 87.88) (33.49, 75.76) (25.13, 66.67) (33.49, 75.76)

5 (28.66, 96.97) (30.89, 81.82) (21.48, 75.76) (34.62, 75.76)

6 (27.28, 78.79) (37.87, 84.85) (18.29, 54.55) (33.95, 75.76)

7 (24.55, 93.94) (33.34, 75.76) (22.50, 63.64) (34.43, 75.76)

8 (27.24, 87.88) (36.03, 69.70) (22.29, 66.67) (37.72, 72.73)

9 (26.64, 90.91) (35.66, 72.73) (22.86, 63.64) (34.74, 69.70)

10 (28.47, 90.91) (36.29, 81.82) (21.95, 63.64) (33.71, 75.76)

mean (27.14, 90.61) (35.45, 79.09) (20.64, 63.64) (35.73, 75.76)
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